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Optically trapped nanoparticles have recently emerged as exciting candidates for tests of quan-
tum mechanics at the macroscale and as versatile platforms for ultrasensitive metrology. Recent
experiments have demonstrated parametric feedback cooling, nonequilibrium physics, and temper-
ature detection, all in the classical regime. Here we provide the first quantum model for trapped
nanoparticle cooling and force sensing. In contrast to existing theories, our work indicates that
the nanomechanical ground state may be prepared without using an optical resonator; that the
cooling mechanism corresponds to nonlinear friction; and that the energy loss during cooling is non-
exponential in time. Our results show excellent agreement with experimental data in the classical
limit, and constitute an underlying theoretical framework for experiments aiming at ground state
preparation. Our theory also addresses the optimization of, and the fundamental quantum limit to,
force sensing, thus providing theoretical direction to ongoing searches for ultra-weak forces using
levitated nanoparticles.
PACS numbers: 42.50.-p, 42.50.Wk, 37.10.Vz, 62.25.-g
INTRODUCTION
Optically trapped nanoparticles can support explo-
rations of macroscopic quantum mechanics as well as ul-
trasensitive metrology very well since they can be isolated
from the environment in a trap, cooled, and detected -
all using a single laser beam without the need for an op-
tical cavity [1–5]. Experiments with optically trapped
harmonically oscillating subwavelength dielectric parti-
cles [6–10] (see Fig. 1) have recently realized feedback
cooling [1, 11], nonlinear dynamics [2], non-equilibrium
physics [4], coupling to spin degrees of freedom [12] and
thermometry [3]. All experiments thus far have been car-
ried out in the classical regime.
While several groups are currently exploring ways to
access the nonclassical regime of such systems, we present
here the first quantum theory of trapped nanoparticle op-
tical feedback cooling and force sensing. The impetus for
investigating cooling comes from the fact that although
levitated particles have been successfully cooled in optical
resonators (to 10 K [13] and 64 K [14]), cavityless cooling
has been able to reach much lower temperatures (50 mK
[11]) starting from the same initial (room) temperature.
It is however an open theoretical question as to whether
the quantum ground state can be prepared without using
a cavity. Our model addresses this important question
and reveals a viable route to nanoparticle ground state
preparation for ongoing cavityless experiments. It also
identifies the dissipative mechanism underlying experi-
mental cooling to be nonlinear in nature, in contrast to
standard experimental techniques, which depend on lin-
ear damping, and standard theory, which relies on linear
response analysis [14–20]. Lastly, the model yields an-
alytical results for the ensuing nonexponential decay of
phonon number, which shows excellent agreement with
our experimental data in the classical regime. The moti-
vation for investigating force detection is provided by the
use of levitated cavityless nanoparticles in several ongo-
ing searches for various ultraweak forces [5, 21–23]. Again
it is an open question as to whether and to what extent
force detection is limited by the effects of quantum back-
action in those systems. To clarify this issue we derive
in this article expressions for the force sensitivity and
the standard quantum limit of force detection. We ex-
pect our new results on cooling and force sensing in the
quantum limit will be invaluable as this still nascent field
matures.
A schematic of the physical system under considera-
tion is shown in Fig. 1. A subwavelength polarizable
dielectric sphere is confined at the focus of a Gaussian
trapping beam, and its motion is detected using a probe
beam, polarized orthogonal to the trap. The detected
signal is processed and fed back to the trap beam to cool
the particle. We analyze this configuration by dividing
it into a ‘system’ and a ‘bath’. The system consists of
the nanomechanical oscillator and the optical probe and
trap. The bath consists of the optical modes into which
light is scattered by the nanosphere, and the background
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FIG. 1: a) Image of the trapped nanoparticle. b) Schematic of the experiment modeled in this article.
thermal gas present in the experiment. We proceed to
derive a quantum model by identifying the electromag-
netic modes relevant to the problem, constructing the
system and bath Hamiltonians, and deriving the master
equation for the system [24, 25]. All conclusions stated
in this article follow from this master equation.
MODEL
The configuration Hamiltonian can be written as,
H = Hm +Hf +Hint. (1)
In Eq. (1), the first term on the right hand side represents
the mechanical kinetic energy Hm = |p|2 /2m, where p
is the three dimensional momentum of the nanoparticle,
and m its mass. The second term in Eq. (1) is the field
energy Hf = 0
∫ ∣∣E(r)∣∣2 d3r, where E(r) is the sum of
the trap Et, probe Ep, and background Eb electric fields.
We model the trap and probe modes as Gaussian beams,
and the background using a plane wave expansion. We
find after dropping a constant term,
Hf = ~ωpa†a+
∑
µ
∫
d3k~ωka†µ(k)aµ(k), (2)
which is simply the sum of the probe and background
field energies with a and aµ(k) representing the corre-
sponding standard bosonic field operators. Finally, in
Eq. (1) the interaction Hamiltonian is given by Hint =
− ∫
V
P(r) ·E(r) d3r/2 = −αp
∫
V
∣∣E(r)∣∣2 d3r/2, where we
have assumed that the dielectric has a volume V , and
that it has a linear polarizability density αp, i.e. the
polarization density is P(r) = αpE(r). Using the ex-
pressions for the electric fields from the Supplementary
Material we can evaluate Hint for small particle displace-
ments r, and rewrite Eq. (1) as
H = HS +HB +HSB , (3)
where this system Hamiltonian is
HS = ~ωpa†a+
∑
j
~ωjb†jbj −
∑
j
~gja†a(bj + b
†
j), (4)
with mechanical trapping frequencies ωj , optomechanical
coupling constants gj , and mechanical operators which
obey the standard commutation relations [bj , b
†
j ] = 1
(j = {x, y, z}). In Eq. (3), the bath Hamiltonian is
HB =
∑
µ
∫
d3k~ωka†µ(k)aµ(k) and the system-bath in-
teraction Hamiltonian is HSB = −c0
∫
V
d3r[Et(r) +
Ep(r)] ·Eb(r), which represents the scattering of the trap
and probe fields into the background (see Supplementary
Material for details).
We now trace over the bath modes, applying the stan-
dard Born and Markov approximations, since the system-
bath coupling is weak and the bath correlations decay
quickly [17, 24]. We also trace over the x and y degrees of
particle motion, since the dynamics along the three axes
are independent of each other, and it suffices to analyze a
single direction [11]. The net result of our calculation is
a master equation for the density matrix ρ(t) describing
the optical probe and the z-motion of the nanoparticle
ρ˙(t) =
1
i~
[H ′S , ρ]−
At
2
D[Q]ρ+ Lscρ, (5)
where the first term on the right hand side represents
unitary evolution of the system with H ′S = ~ωpa†a +
~ωzb†zbz − ~gza†a(bz + b†z). The second term corresponds
to the positional decoherence of the nanoparticle due
to scattering of trap photons, with the Lindblad super-
operator D[Qz]ρ ≡ Q†zQzρ + ρQ†zQz − 2QzρQ†z, where
Qz = b
†
z+bz, and At is the heating rate due to trap beam
scattering as defined in the Supplementary Material. The
third superoperator describes the loss of photons from
the probe, also due to scattering by the nanoparticle,
Lsc[ρ(t)] = −B
(
D[a] + (7ω2p`2z/5c2)D[aQz]
)
ρ, where `z
is the oscillator length.
2
The nanoparticle also experiences collisions with back-
ground gas particles at the ambient temperature T . This
effect may be accounted for by adding to the right hand
of Eq. (5) the superoperator [26]
B[ρ(t)] =− Dp
2
D[Qz]ρ− Dq
2
D[Pz]ρ
− i ηf
4m
[
Qz, {Pz, ρ}
]
,
(6)
where Pz = i(b
†
z − bz), and curly braces denote an anti-
commutator. The first term on the right hand side corre-
sponds to momentum diffusion and Dp = 2ηfkBT`
2
z/~2,
where kB is Boltzmann’s constant. The second term de-
scribes position diffusion with Dq = ηf~2/(24kBTm2`2z).
The third term accounts for friction, and by Stokes law
we have ηf = 6piµrd, where rd is the radius of the
nanoparticle and µ is the dynamic viscosity of the back-
ground gas. As shown earlier, internal and center-of-
mass heating of the nanoparticle due to optical absorp-
tion and blackbody radiation are negligible in systems
such as ours, as are particle size and shape effects, as
well as trap beam shot noise [11, 27].
We now characterize the measurement of the oscillator
displacement using input-output theory from quantum
optics [28] applied to the nanoparticle. Specifically, the
incoming probe field ain interacts with the nanoparticle,
and the outgoing probe field aout carries a signature of
this interaction (as shown in the Supplementary Mate-
rial)
aout = ain +
αχ
2
Qz(t), (7)
where χ = 4gz∆t is the scaled optomechanical coupling,
with integration time ∆t (determined by the detection
bandwidth), and we have written the probe beam as a
coherent state a = −iα + v, with α a classical number
and v a bosonic annihilation operator. A homodyne mea-
surement on the output field yields a current [28]
Ih = χ
2Φ〈Qz〉(t) +
√
χ2Φξ(t), (8)
where Φ = α2∆ω is the average detected flux of probe
photons, and ξ(t) is a stochastic variable with mean
〈ξ(t)〉 = 0 and correlation 〈ξ(t)ξ(t′)〉 = δ(t− t′).
In the experiment, the detected current Ih is frequency
doubled, phase shifted, and fed back to modulate the
power of the trapping beam [11]. This results in a feed-
back Hamiltonian Hfb = ~GIfbQ3z, where G is the di-
mensionless feedback gain related to the trap intensity
modulation [5, 29],
M ≡ ∆It
It
≈ Gχ
2Φ 〈b†zbz〉
ωz
, (9)
FIG. 2: a) Shows the diffusive evolution of the trapped
nanoparticle’s position at atmospheric pressure. b) Har-
monic motion of the nanoparticle at a lower pressure of
4× 10−3 mbar. The reduction of the amplitude of harmonic
motion corresponds to the turn-on of feedback, i.e. cooling.
and the feedback current is Ifb = χ
2Φ 〈Pz〉+
√
χ2Φξ′(t),
where ξ′(t) has the same properties as ξ(t). This
form of the Hamiltonian implies a feedback force Ffb =
−∂Hfb/∂Qz which is equivalent to that used in experi-
ments in the classical regime [5]. Taking the Markovian
limit where the feedback occurs faster than any system
timescale, and applying quantum feedback theory for ho-
modyne detection [30], we find that the following super-
operator must be added to Eq. (5)
F [ρ(t)] = −iχ2ΦG[Q3z, {Pz, ρ}]−
χ2Φ
2
G2D[Q3z]ρ, (10)
where the first term on the right hand side represents
the desired cooling effect of the feedback, and the second
term the accompanying backaction. We emphasize that
in contrast to standard optomechanics, the feedback and
backaction terms are highly nonlinear in the oscillator
variables. The presence of this nonlinearity distinguishes
our system from conventional cavity optomechanics and
results in qualitatively different dynamics, as we show
below.
The full master equation, assembled from Eqs. (5), (6)
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FIG. 3: a) The y and z phonon cooling dynamics [Eq. (13)]. b) Steady state phonon number versus pressure [Eq. (14a)].
Circles represent experimental data, and the solid curve our theoretical model for a fused silica sphere (r = 2.1 and density =
2200 kg/m3) radius rd = 50 nm, 1064 nm trap (100 mW) and probe (10 mW) beams, a mechanical frequency ωz/2pi = 38 kHz,
χ ≈ 10−7, and trap intensity modulation M . 0.1%. The dotted lines represent the equivalent curves for one of the transverse
degrees of freedom (ωy/2pi = 138 kHz). The dashed curve in a) represents the prediction of our theory for a setup placed in a
cryostat with the feedback chosen optimally, keeping M ≤ 10%.
and (10) is then
ρ˙(t) =
1
i~
[H˜S , ρ(t)]− (At +Ap)D[Qz]ρ(t)/2
−BD[a]ρ(t) + B[ρ(t)] + F [ρ(t)],
(11)
where the new system Hamiltonian H˜S = ~ωpv†v +
~ωzb†zbz − iα~gz(v† − v)(bz + b†z), accounts for the lin-
earization of the probe implemented above, and the mas-
ter equation now includes a mechanical decoherence term
due to scattering from the probe, in addition to the trap
beam, with heating rate Ap.
A sample experimental data set of the measured po-
sition of the nanoparticle along the y axis is shown in
Fig. 2. At atmospheric pressures, Brownian effects, as
given by Eq. (6) dominate, and the position of the parti-
cle follows a diffusive evolution, as can be seen in Fig. 2a.
At lower pressures the particle’s evolution becomes in-
creasingly ballistic. The ensuing harmonic motion is
shown in Fig. 2b, both in the absence as well as in pres-
ence of feedback [Eq. (10)]. The decrease in amplitude of
the harmonic motion is due to the presence of parametric
feedback cooling.
PHONON DYNAMICS
Employing the master equation [Eq. (11)] to consider
the question of ground state occupation, tracing out the
optical probe field, and using the resulting reduced mas-
ter equation for the nanoparticle only, we find the equa-
tion for the dynamics of the phonon number (N ≡ b†zbz),
〈N˙〉 = −J〈N2〉−K〈N〉+L, where J = [12G−54G2]χ2Φ,
K = ηf/2m + J , L = D − J/2, the dot denotes a time
derivative, and D = D′p + Dq with D
′
p = Dp + At + Ap
accounting for positional decoherence. We assume that
the nanoparticle is described by a thermal state [24, 31–
34], for which 〈N2〉 = 2〈N〉2 + 〈N〉 [35], a relation which
simplifies the phonon dynamics to
〈N˙〉 = −2J〈N〉2 − (J +K)〈N〉+ L. (12)
The total effect of parametric feedback on the phonon
dynamics is contained in the parameter J , which is de-
termined by the difference between the feedback cooling
and backaction heating. In the experiments J 6= 0 [1, 11],
making the phonon dynamics of cooling nonlinear, and
the oscillator energy loss nonexponential, as shown be-
low. We stress that this behavior is qualitatively dif-
ferent from standard quantum cavity optomechanical
theory, which characterizes cooling as a linear damp-
ing process resulting in an exponential decay of energy
(see, e.g. [31, 32] and Eq. (82) in [18]). We note that
G = Gopt = 1/9 maximizes 〈N˙〉 in Eq. (12) with the
maximum nonlinear cooling rate Jmax = 2χ
2Φ/3.
Assuming the initial condition 〈N(0)〉 ≡ N0 =
D′p2m/ηf ≡ kBTeff/~ωz, where Teff is the effective tem-
perature of a bath due to gas and optical scattering com-
bined, the analytical solution to Eq. (12) is
〈N(t)〉 = − (J +K)
4J
+
1
2Jτ
tanh
(
t
τ
+ θ
)
, (13)
where θ = tanh−1
[
(2JN0 + J +K)τ
]
and the cooling
timescale τ = 2
[
(J +K)2 + 8JL
]−1/2
. From Eq. (13)
4
the steady state phonon number is
Nss ≡ lim
t→∞ 〈N(t)〉 =
1
2Jτ
− (J +K)
4J
(14a)
≈
√
ηf
2m
N0
2J
=
√
Dp +At +Ap
2J
, (14b)
where the approximation is valid for N0  1. To reach
the ground state, we need to maximize the feedback cool-
ing J , which can be done by setting G = Gopt. We also
need to minimize gas heating, which can be accomplished
by going to low pressures and cryogenic temperatures,
such that Dp is negligible in Eq. (14). Below we discuss
situations involving realistic experimental parameters.
Two plots of the nonlinear phonon dynamics are shown
in Fig. 3a for the z and y motion at 10−3 mbar along
with experimental values measured by us (circles). The
solid curve represents 〈N(t)〉 as given in Eq. (13), while
the dotted curve gives the corresponding equation for
motion along one of the transverse directions y (which is
nearly degenerate with x i.e. ωy ≈ ωx), see Fig. 1b. In
Fig. 3b we show three plots of the steady state phonon
number, as the vacuum pressure is tuned. The solid and
dotted curves represent Nss [Eq. (14a)] at 300 K for z and
y motion respectively, while the circles are experimental
data. As can be seen, in all cases there is very good
agreement between theory and experiment. The dashed
curve in Fig. 3b predicts the steady state phonon number
for an identical configuration, but placed in a cryostat at
4 K. The ground state can be prepared if starting at
high pressures, the particle is cooled while continuously
increasing the feedback gain as in [11], and keeping the
trap modulation M = 10%. Proceeding in this manner,
we find that below . 10−5 mbar optimal feedback J =
Jmax can be achieved, and the ground state occupied.
We note that practical cooling to lower phonon num-
bers is currently limited by a number of factors. These in-
clude high pressures enforced by nanosphere loading tech-
nologies, classical errors from the electronic feedback loop
and laser noise, measurement uncertainties due to detec-
tor bandwidth limitations, and collection inefficiencies of
the scattered light [3, 5, 11, 22]. However, these prob-
lems are technical rather than fundamental, and efforts
are underway to overcome these limitations [36], suggest-
ing strongly the possibility of cooling to the ground state
using the parameters presented in this article.
FORCE SENSING
We now consider force sensing using the nanoparticle
model given by the master equation of Eq. (11). Since
the state of the nanoparticle is continuously monitored,
x
FIG. 4: Experimentally measured positional PSDs for all
three degrees of freedom with dark lines representing the
theoretical fits to the data [Eq. (18)]. Data was taken at a
moderate vacuum pressure of 10 mbar and clearly shows the
Lorentzian shape of the resonance. These fits were used to
extract the values of ωj , Γ , and Nss.
the master equation can be unraveled in terms of a set
of Langevin equations describing the evolution of the
quadratures Qz and Pz plus a stochastic force due to
the measurement backaction which gives [37, 38]
Q˙z = L#0 [Qz] = ωzPz
P˙z = L#0 [Pz] + F/mωz`z
= −ωzQz − ΓPz + F/mωz`z,
(15)
where L#0 is the Liouvillian superoperator (dual to the
superoperator L0 appearing in the master equation ρ˙ =
L0[ρ]) defined by Tr(ρL#0 [A]) ≡ Tr(AL0[ρ]) for any arbi-
trary operator A [39]. The parameter Γ = Γ0+δΓ , where
Γ0 is the gas damping and δΓ ≈ 12χ2ΦG(〈N〉 + 1/2) is
the nonlinear feedback damping [2, 5, 11]. Finally F =
FT +FF is the sum of the (independent) stochastic forces
due to thermal and feedback backaction heating, respec-
tively, with zero mean and correlations
〈
FT (t)FT (t
′)
〉
=
ST δ(t− t′) and
〈
FF (t)FF (t
′)
〉
= SF δ(t− t′), with
ST = 2mΓ0kBTeff
SF = 27m~ωzχ2ΦG2
(
2 〈N〉2 + 2 〈N〉+ 1
)
.
(16)
The presence of the 〈N〉-dependent factor in Eq. (16) im-
plies that the feedback noise is dependent on the system
state, and is therefore non-additive. Furthermore, the de-
pendence is nonlinear in 〈N〉. Both of these features are
fundamentally different from the typical additive feed-
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back noise in standard cavity optomechanics, which is
independent of the state of the system [33].
We convert Eq. (15) into the second order differential
equation for the position q¨z + Γ q˙z + ω
2
zqz = F/m, and
take its Fourier transform to find the position spectrum
q˜z(ω) = χm(ω)F˜ (ω), where
χm(ω) =
{
m
[(
ω2z − ω2
)
− iωΓ
]}−1
, (17)
is the optomechanical susceptibility of our oscillator. Fi-
nally the positional power spectral density (PSD) noise
spectrum is given by〈∣∣q˜z(ω)∣∣2〉 = |χm|2 (ST + SF ) + `2z
χ2Φ
, (18)
where the last term in the equation comes from the shot
noise of the measured signal [Eq. (8)]. A typical example
data set of the positional PSDs at moderate vacuum is
shown in Fig. 4, along with fits to the theoretical expres-
sion of Eq. (18).
In view of the fact that trapped nanoparticles offer
the possibility of ultrasensitive force measurements [5,
21–23], we express our measurement noise spectrum
[Eq. (18)] in terms of the estimator q˜(ω)/χm in order
to investigate the fundamental limits of such measure-
ments. The sensitivity of force estimation is set by the
force noise PSD〈∣∣F˜ (ω)∣∣2〉 = ST + SF + SS(ω), (19)
where SS(ω) = SS(0)
[(
1− (ω/ωz)2
)2
+ (ωΓ/ω2z)
2
]
and
SS(0) = (m`zω
2
z)
2/χ2Φ. Only the last term carries an
ω dependence in Eq. (19). A plot of SS(ω) is shown in
Fig 5 in the high as well as low total damping Γ regimes,
both of which are experimentally accessible [11, 12].
The minimum value of SS(ω), and therefore the opti-
mal force sensitivity, occurs at the response frequency
ωopt =
√
ω2z − Γ 2/2.
The first two terms in Eq. (19) scale linearly with
the optical power while the shot noise scales inversely
(i.e. ST + SF ∼ Φ and SS ∼ 1/Φ). Therefore there
is a power that minimizes the total noise, representing
the standard quantum limit for our system. Assuming
that the feedback is optimal (i.e. J = Jmax), the stan-
dard quantum limit is reached when χ2ΦSQL ≈ Γ/8 and
equals〈
|F˜ |2
〉
SQL
= 2mΓ0kBT + 4m~ωz
(
At +
√
2Γ
)
. (20)
The first term in (20) represents a thermal contribu-
tion from the background gas; the second term is due
FIG. 5: a) Plots of the shot noise force PSD [the last term of
Eq. (19)] versus the normalized mechanical frequency ω/ωz
for low and high total damping Γ . The minimum occurs
for ωopt =
√
ω2z − Γ 2/2. b) Plot of the force sensitivity as
a function of the normalized optical power Φ/ΦSQL at high
vacuum. The standard quantum limit is reached when the
shot noise balances the recoil and backaction noises [Eq. (19)].
to scattering of photons from the trapping beam; and
the third term contains the effects of light scattering
and shot noise from the probe, as well as the feedback
backaction. At the low vacuum pressures currently avail-
able (i.e. . 10−7 mbar) the gas contribution is negligible,
implying a minimum force sensitivity of
√
〈|F˜ |2〉SQL ≈
10−21 N/
√
Hz = zN/
√
Hz and optimal probe power of
~ωpΦSQL ≈ 2 mW, where the remaining system parame-
ters have been taken from the caption of Fig. 3. Even at
this limit the system can be readily used to test for vio-
lations of Newtonian gravity (∼ 10−18 N) [22] with mod-
erate measurement bandwidths. However, backaction
effects will impose long interrogation times on experi-
ments searching for new small scale (∼ 10−21 N) [21], and
Casimir forces (∼ 10−24 N) [5, 21]. Conversely for short
measurement times, our calculations show that backac-
tion effects, which are of interest in their own right in
optomechanics [40], can be observed at moderate laser
powers and readily attainable vacuum pressures.
6
CONCLUSIONS
To conclude, we have presented a quantum model that
describes the cooling and force sensing characteristics of
an optically trapped subwavelength dielectric particle.
We have shown that the predictions of this model for
cooling are in very good agreement with experimentally
measured occupation values in the classical regime. Fur-
ther, we have demonstrated that quantum ground state
preparation is challenging, but achievable in anticipated
experiments. Finally, we have derived the standard quan-
tum limit to force sensing, indicating experiments where
the role of quantum backaction needs to be accounted
for. The model presented by us opens the door to the
characterization of the quantum behavior of a system im-
portant for macroscopic quantum mechanics [1, 11], op-
tical tweezing [2], ultrasensitive metrology [3], and non-
equilibrium physics [4]. With the proper identifications,
our theory is also applicable to electromechanical systems
with parametric feedback [41].
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Supplemental Materials: Quantum Model of Cooling and Force Sensing With an
Optically Trapped Nanoparticle
ELECTRIC FIELDS
The total electric field as defined in the main article is written as
E(r, t) = Et(r, t) + Ep(r, t) + Eb(r, t). (S1)
The Et and Eb fields are both assumed to be Gaussian beams with the trap treated classically and the probe treated
as a quantized beam with frequency ωp, linewidth ∆ω, waist w0, and canonical bosonic operators [a, a
†] = 1 [S1]
Ep(r, t) = i
(
~ωp∆ω
4pi0c
)1/2
eiωp(z/c−t)epG(r′, ωp)a+ h.c., (S2)
where G(r, ω) is the spatial mode function of the beam. The background field Eb is simply the quantum field of all
other modes and can be represented via a typical plane-wave expansion [S2].
FREE FIELD HAMILTONIAN
Our configuration Hamiltonian as given in the main text is
H = Hm +Hf +Hint, (S3)
where Hm = p
2/2m is the particle’s kinetic energy for the momentum p =
√
p2x + p
2
y + p
2
z, and Hf and Hint are the
free field and interaction Hamiltonians respectively. The energy of the free field Hamiltonian is
Hf = 0
∫ ∣∣E(r, t)∣∣2 d3r. (S4)
The term proportional to |Et(r)|2 corresponds to the energy of the trap beam, and can be neglected as it represents
a constant offset of the Hamiltonian. The energy of the free probe field is given by [S1]
0
∫ ∣∣Ep(r)∣∣2 d3r = ~ωpa†a. (S5)
The energy of the background field, which can be found in several textbooks (e.g. [S2]) can be written in a plane wave
expansion as
HB =
∑
µ
∫
d3k~ωka†µ(k)aµ(k). (S6)
The cross term between the trap and background fields, given by
∫
(Et + Ep) ·Eb d3r, vanishes as their mutual
overlap is very small. This cancellation also represents the avoidance of self-interference and mode overcounting in
our model. The cross term between the probe and the background fields vanishes for the same reason. The cross term
between the trap and probe fields given by Et ·Ep, vanishes due to polarization orthogonality. Finally, combining
Eqs. (S5) and (S6), the free field Hamiltonian is
Hf = ~ωpa†a+
∑
µ
∫
d3k~ωka†µ(k)aµ(k), (S7)
which is simply the sum of the probe and background field energies.
1
INTERACTION HAMILTONIAN
The interaction Hamiltonian between the fields and the nanoparticle is given by
Hint = −1
2
∫
P(r) ·E(r) d3r. (S8)
Assuming that the particle has a linear polarizability described by P(r) = αpE(r), the interaction Hamiltonian is
Hint = −0c
2
∫
V
∣∣E(r)∣∣2 d3r, (S9)
where c = 3(r− 1)/(r + 2) is the Clausius-Mossotti relation for the effective relative permittivity of a dielectric due
to local field effects, and V denotes integration over the volume of the dielectric particle.
Now when we use the total electric field from Eq. (S1) in the above equation, we again get a number of terms. The
terms proportional to |Eb|2 and |Et ·Ep|2 we neglect as these represent a renormalization of the background modes
and we again assume the trap and probe are cross-polarized.
Trap potential
The first non-negligible term is the effect of the trap beam proportional to
∫
V
|Ep|2 d3r. Since the nanoparticle is
smaller than the wavelength of any relevant optical field, the integration can be written as
∫
V
d3r = V
∫
δ(q) d3r,
where q is the center of mass position of the particle. Therefore Hint for the trap-particle interaction is given by
−c0
2
V |Et(q)|2 = −c0
2
V E20w
2
0
pi
2
∣∣G(q)∣∣2
=
c0
2
V E20
(
−1 +
(
qz
zR
)2
+ 2
(
qx
w0
)2
+ 2
(
qy
w0
)2)
+O(q4),
(S10)
where qz is the longitudinal coordinate, and qx and qy are the transverse coordinates. Ignoring the overall constant
in the above equation, we finally have for our trap Hamiltonian
Htrap =
p2
2m
+
1
2
m
(
ω2zq
2
z + ω
2
xq
2
x + ω
2
yq
2
y
)
, (S11)
where ωz =
√
c0E20V/(mz
2
R) and ωx,y =
√
2c0E20V/(mw
2
0). Writing our canonical nanoparticle variables as
qj =
√
~/(2mωj)(b†j + bj) = `j(b
†
j + bj) = `jQj and pj = i
√
~mωj/2(b† − b) allows us to rewrite Eq. (S11) as
Htrap =
∑
j ~ωjb
†
jbj .
Optomechanical coupling
Now we examine the coupling between the probe beam and the trapped nanoparticle given. The Hamiltonian for
this term is
HOM = −c0
2
∫
V
|Eˆp(r)|2 d3r
= −V c~ωp∆ω
4pic
(
a†a+
1
2
)∣∣G(q−∆r)∣∣2
= −V c~ωp∆ω
2pi2w20c
(
a†a+
1
2
)(
1 + 2
∆z
z2R
qz +
4
w20
(∆xqx +∆yqy) +O(q2)
)
,
(S12)
2
where we have assumed that the probe beam is shifted from the trap beam by a small amount ∆r ≡ (∆x,∆y,∆z).
Now the terms proportional to a constant times either a†a or qj (for j ∈ {x, y, z}) can be incorporated into shifts in
the optical and mechanical frequencies, and the oscillator position. The optomechanical coupling term between the
probe and particle is then given by
HOM = −V c~ωp∆ω
pic
a†a
(
∆z
z2R
`zQz + 2
∆x
z2R
`xQx + 2
∆y
z2R
`yQy
)
= −
∑
j
~gja†aQj . (S13)
The system Hamiltonian is then a combination of the energies of the probe field, optical trap, and optomechanical
coupling and is given by
HS = ~ωpa†a+
∑
j
~ωjb†jbj −
∑
j
~gja†a(bj + b†j). (S14)
Optical scattering
Computing the cross coupling Hamiltonian between the field and the background due to scattering by the nanopar-
ticle gives
−c0
∫
V
Et ·Eb d3r ≈ −i cV
2
(
~0
16pi3
)1/2 ∫
d3k
√
ωk
∑
µ
[
1 + i
(
k⊥ · q⊥ + (kz − k0)qz
)]
×
(
eµ(k) ·E∗0aµ(k)e−i(ωk−ωt)t + h.c.
)
,
(S15)
for the trap beam and
−c0
∫
V
Ep ·Eb d3r ≈ −i ~cV
8pi2w0
√
2ωp∆ω
pic
∫
d3k
√
ωk
∑
µ
[
1 + i
(
k⊥ · q⊥ + (kz − k0)qz
)]
×
(
ep · eµ(k)a†µ(k)ape−i(ωp−ωk)t) + h.c.
) (S16)
for the probe beam, assuming elastic scattering and amplitude of the particle motion small relative to an optical
wavelength [S3]. Applying standard Born-Markov theory and tracing over the background optical modes and particle
motion transverse to the z-axis allows us to derive a master equation
ρ˙(t) = −7ω
5
t
~c6
(E200c/2)
2
cV
2`2z
60pi
D[Qz]ρ(t) + 1~4c3
(~ωp)42cV 2
24pi3w20(c/∆ω)
(
D[ap] +
7ω2p`
2
z
5c2
D[aqz]
)
ρ(t)
= −At
2
D[Qz] + Lsc[ρ(t)]
(S17)
For reference, if we do not trace over the transverse motion, the three-dimensional analogue of the trap scattering
is
L3Dt
[
ρ(t)
] ≡ − ω5t
~c6
(E200c/2)
2
cV
2
60pi
(
2D[q×] +D[q‖] + 7D[qz]
)
ρ(t), (S18)
where ‖ and × indicate transverse motion parallel (or not parallel) to the polarization direction of the trap beam. A
similar expression holds for the probe
L3Dsc
[
ρ(t)
] ≡ 1
~4c3
(~ωp)42cV 2
24pi3w20(c/∆ω)
{
D[ap] +
ω2p`
2
z
5c2
(
D[aq×] + 2D[aq‖] + 7D[aqz]
)}
ρ(t). (S19)
3
DERIVATION OF THE DETECTED HOMODYNE CURRENT AND FEEDBACK
In order to find the input-output relations for the probe field, we write the system Hamiltonian (for the single
degree of freedom Qz) as Hs = ~ωpa†a + ~ωzb†zbz − ~ga†aQz. If we move into the interaction picture for the probe
field where a→ ae−iωpt, then this becomes Hs = ~ωzb†zbz − ~ga†aQz.
We assume the probe field is initially a coherent state which can be written as a = −iα+ v, where α is a constant
and v is a field annihilation operator. In this case the optomechanical coupling in our system Hamiltonian becomes
HOM = −~gzQza†a = ~gzQz
(
|α|2 + iαv† − iα∗v
)
. (S20)
The term proportional to |α|2Qz is responsible for simply shifting the mean position of the oscillator and can safely
be ignored, leaving us with HOM = i~gzQz(αv† − α∗v).
The Heisenberg equation of motion for v is given by
v˙ =
1
i~
[a,H] = αgzQz, (S21)
which can be integrated formally to give
v(t) = v(t0) +
∫ t
t0
αgzQz dt
′ ≈ v(t0) + αgzQz∆t, (S22)
where the integration is taken over a time ∆t short compared to 1/ωz. If we had picked an initial time tf > t then we
would have computed v(t) = v(tf ) − αgzQz∆t. By identifying the input state as ain = −iα + v(t0), and the output
state as aout = −iα+ v(tf ), then we can relate the output and input fields by
aout = ain + 2αgz∆t ≡ ain + αχ
2
Qz, (S23)
where we have defined the variable χ ≡ 4gz∆t.
Now detected homodyne current is proportional to
Ih = χ
2Φ 〈Qz〉 (t) +
√
χ2Φξ(t), (S24)
where we have converted from photon numbers to rates by using the identity for the photon flux Φ ≡ 〈a†a〉∆ω = α2∆ω,
and have introduced the stochastic variable ξ(t) which is due to the shot noise of the detection.
As described in the main text, phase shifting the measured signal (or equivalently adding a short time delay) is
equivalent to measuring a different quadrature of motion, i.e. the current that is fed back is Ifb = χ
2Φ 〈Pz〉+
√
χ2Φξ′(t)
, where ξ′(t) has the same properties as ξ(t). Now writing σ ≡ χ2ΦPz allows us to write the master equation for the
feedback in standard notation [S4]
ρ˙ = K[σρ+ ρσ†] + 1
2χ2Φ
K2[ρ] ≡ −iχ2ΦG
[
Q3z, {Pz, ρ}
]
− χ
2Φ
2
G2D[Q3z]ρ (S25)
where the Liouvillian superoperator K is defined as K[ρ] = [F, ρ]/i~ and where F is the feedback term that comes
from the feedback Hamiltonian Hfb = IfbF , and is chosen to be F = ~GQ3z to match the classical physics [S5] of the
problem as described in the main text. The gain coefficient G may be related to the experimental trap beam intensity
modulation M ≡ ∆It/It by using the fact that Hfb = ~ωzMQ2z = IfbF , and therefore [S5]
M =
Gχ2Φ 〈Qz〉〈Pz〉
ωz
≈ Gχ
2ΦN
ωz
. (S26)
4
FULL MASTER EQUATION
In the main text of this Letter we presented the master equations describing the density matrix of only the single
degree of freedom represented by the z motion of the nanoparticle. For convenience, we present the full master
equation of the three-dimensional motion of the nanoparticle, as well as of the probe beam itself, which can be used
to calculate the statistics of any quantum observable for the nanoparticle or probe beam.
The master equation for the density matrix ρ describing the full three-dimensional motion of the nanoparticle, as
well as the probe field is given by
ρ˙(t) =
1
i~
[
HS , ρ(t)
] }
Unitary dynamics
+ L3Dt
[
ρ(t)
]
+ L3Dsc
[
ρ(t)
] }
Photon scattering
− ηfkBT
~2
[
q,
[
q, ρ(t)
]]− ηf
12kBTm2
[
p,
[
p, ρ(t)
]]− ηf
2m~
[
q,
{
p, ρ(t)
}] }
Gas scattering.
(S27)
This equation can be used for studying full dynamics, light-matter entanglement and photon statistics.
HOMODYNE PHOTODETECTION: A COMPARISON OF THEORY AND EXPERIMENT
The experimental data in Fig. 2 of the main article was obtained by using a scheme more involved, and of more
general applicability, than indicated in the simplified detection model presented in the main article. In the laboratory,
the position of the nanoparticle was determined from the optical interference between the unscattered probe and a
spherical wave radiated by the induced dipole of the polarizable sphere. The interference signal varies linearly with the
particle position for oscillation amplitudes small compared to the optical wavelength. In order to detect the particle
position and also to eliminate the large constant background term (equal to the unscattered probe flux ≈ Φ) in an
experimental setting, we leveraged a balanced homodyne detection scheme, as described in [S3] and [S5].
In this configuration, one of the detectors sampled the entire spatial profile of the probe beam, while the other was
apodized so that only the center of the beam was sampled. As the trapped particle moved in the axial direction,
the relative amount of scattered light collected by each detector, and thus the AC term of the resulting homodyne
current, was modulated. The optical channels were adjusted so that each detector recorded the same average power,
and the resulting homodyne signals were subtracted to eliminate the common DC bias.
In our theoretical model, rather than include an additional quantized mode corresponding to the full induced dipole
emission pattern, we considered for simplicity only the field scattered back into the probe mode by the nanoparticle.
This simplification is admissible as long as the value of the linear optomechanical coupling constant χ in the model is
taken from experiment [S3]. We emphasize that our experimental method of feedback cooling works even if the trap
and probe foci are very close to each other, in which case the optomechanical coupling is essentially quadratic in the
particle position, while the position detection (using the dipole wave mode) is still linear. In the theoretical calculation
of the phonon number, the linear (or quadratic) optomechanical coupling simply adds a position offset (or frequency
shift) to the trap. Both the offset as well as the shift are negligible for weak probe light used in the experiment,
rendering the theoretical predictions of ground state cooling identical for linear as well as quadratic optomechanical
coupling.
COMPUTING THE GAS DAMPING RATE AS A FUNCTION OF GAS PRESSURE
The damping rate of the particle motion due to the background gas is given by Γ0 ≡ ηf/m, where m is the particle
mass and ηf = 6piµrd is the coefficient of friction for a spherical particle of radius rd in a fluid of dynamic viscosity
µ. This expression is for a particle much larger than the mean free path of the gas bath λmfp. For a nanoparticle in
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a rarefied gas, as assumed in Eq. (9) in the main text, the damping constant becomes [S6]
Γ0 =
6piµrd
m
× correction = 6piµrd
m
0.619
0.619 + Kn
(
1 +
0.31Kn
0.785 + 1.152Kn + Kn2
)
, (S28)
where the correction term is in terms of the Knudsen number Kn ≡ λmfp/rd ∝ 1/Prd. Using the fact that λmfp ≈ 70 nm
at atmospheric pressure, and matching the experimentally measured rates [S3, S5], we can write the damping for a
general pressure and particle size as
Γ0 ≈ rd
70 nm
2pi × 106 Hz
0.619 + Kn
(
1 +
0.31Kn
0.785 + 1.152Kn + Kn2
)
. (S29)
In order to ensure that this model of damping holds in the deep quantum regime [S7], we consider the effects of
individual scattering events as described by the master equation [S8]
ρ˙ =
∑
V
V ρV † − 1
2
{
V †V, ρ
}
, (S30)
where the Lindblad operators are given by
V ∼ exp
(
−i∆pq
~
)
, (S31)
where∆p is the momentum transfered to the nanoparticle during a collision with a gas molecule. Now if the momentum
kick is sufficiently small, then we can approximate
exp
(−i∆pq/~) ≈ 1− i∆pq/~, (S32)
which ultimately allows us to recover the Brownian contribution, derived in [S8], to our master equation presented in
the main Letter. In order for the approximation of Eq. (S32) to hold, it is necessary that ∆p`coh/~ < 1, where `coh
is the coherence length of the system. Considering the coherence length of the system in its ground state, `coh ≈ `z.
Using the parameters listed in the main article for the system at T = 4 K, and using the maximum RMS thermal
momentum change ∆p = 2
√
3mgaskBT assuming a gas made of N2 gives
∆p`z
~
≈ 0.6 < 1, (S33)
which ensures that our linearized treatment of Brownian motion is valid over all considered regimes. This inequality
actually overestimates the magnitude of a typical momentum kick as Hydrogen and Helium comprise the majority of
the species of gas molecules in an environment at 4 K, and are much lighter than N2.
CONVERTING A MASTER EQUATION TO A LANGEVIN EQUATION
Consider a master equation in standard Linblad form
ρ˙ = L0ρ = 1
i~
[H, ρ]−
∑
j
γj
2
D[Lj ]ρ, (S34)
where H0 is a Hamiltonian representing the unitary evolution and D[Lj ]ρ is the standard Lindblad dissipation su-
peroperator for the Lindblad operators Lj [S9]. Now following the quantum-state diffusion model presented by Gisin
and Percival [S10], the density matrix can be considered as the expectation over pure states e.g. ρ ≡ E [|ψ〉〈ψ|],
whose dynamics are stochastic in nature. The (stochastic) differential increment for the equation of motion for |ψ〉
representing the unraveling of the master equation given by the QSD model is [S10, S11]
|dψ〉 = 1
i~
H dt |ψ〉+
∑
j
[
γj
2
(
2 〈L†j〉Lj − L†jLj − 〈L†j〉 〈Lj〉
)
dt+
(
Lj − 〈Lj〉
)√
γj dWj
]
|ψ〉 (S35)
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where dWj are complex differentials representing Wiener processes defined by E
[
dWj
]
= E
[
dW ∗j
]
= E
[
dWj dWk
]
=
0, and dW ∗j dWk = δjk dt. Note, this complex Wiener process is equivalent to dW = (dR1 + i dR2)/
√
2, where dRj
are real valued Wiener increments. Now such a model is not unique, but represents an open quantum system which
is continuously monitored by it’s environment [S12], and thus provides an appropriate trajectory or unraveling for
a system that we will ultimately wish to observe in terms of a PSD or measurement spectrum (i.e. which we will
continuously monitor).
Now we are interested in expressing the random forces acting on our system due to interaction with the environment
(as expressed by the Lindblad operators Lj). Therefore computing the increment for the momentum p of the system
gives
dp = 〈dψ|p|ψ〉+ 〈ψ|p|dψ〉+ 〈dψ|p|dψ〉+O(dt2)
= − 1
i~
[H0, p] dt−
∑
j
γj
2
D
[
L†j
]
p dt+
∑
j
(
dB†jp+ pdBj
)
= L#0 [p] dt+
∑
j
(
dB†jp+ p dBj
)
,
(S36)
where dBj ≡ (Lj − 〈Lj〉)√γj dWj . Applying this to our master equation gives us our Langevin equation for the
stochastic forces listed in Eq. (15) in the main article.
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